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A model of the unsteady response of a backward-facing
compliant step

A. G. Gerber∗,†,‡, A. G. L. Holloway and C. Ng

Department of Mechanical Engineering, University of New Brunswick, Fredericton, NB, Canada E3B 5A3

SUMMARY

A large number of industrial surface coating and continuous casting operations require a fluid to flow
from a reservoir, over a compliant step, onto a moving substrate. The contact line between the compliant
step and substrate in such cases generally responds in an unsteady manner, depending on flow conditions,
which can have an important influence on the surface quality of the final product. This work describes
the development of a computational fluid dynamics (CFD) model for predicting this unsteady response,
with a particular emphasis on isolating the natural frequency of the contact line in a backward-facing
step configuration. The compliant step was developed and implemented in the context of a pressure-based
finite-element/finite-volume CFD solution, implicit in time, and considers in-surface forces based on a
surface tension coefficient or an elastic membrane. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The primary motivation for the present study is the control of surface quality in aluminium
continuous (near-net shape) casting operations. The concept of casting a metal to its near final (or
net shape) conditions, in terms of dimensions and mechanical properties, has been an intensive
area of metal processing research for the past several decades. In casting a metal from its liquid
state to its near final conditions leaves little room for correcting surface defects that occur, and
therefore increasing attention is being drawn to basic issues behind the delivery of a molten metal
to a cooled moving substrate. The complexity involved in the formation of a metal surface at

∗Correspondence to: A. G. Gerber, Department of Mechanical Engineering, University of New Brunswick, Fredericton,
NB, Canada E3B 5A3.

†E-mail: agerber@unb.ca
‡Associate Professor.

Contract/grant sponsor: NSERC; contract/grant number: CRDPJ-248034

Copyright q 2007 John Wiley & Sons, Ltd.



58 A. G. GERBER, A. G. L. HOLLOWAY AND C. NG

(a)

(b)

Figure 1. Backward-facing compliant step problem: (a) representative two channel system with intervening
compliant step and (b) control volume used in dynamic system model (DSM). Note that the compliant

step height is equal to h = h2 − h1.

the point of liquid/substrate contact is considerable and it is generally required that the problem
be simplified for investigation. A first approximation is to describe the problem as a type of
backward-facing step flow, but with a compliant step. The compliant step is a moving boundary
with the interface having treatments based on the physics of the situation (for example surface
tension or membrane). Using this as a basis, the problem has already been addressed from a heat
transfer perspective where a fixed compliant step is applied with all of the important heat transfer
elements in the vicinity of the liquid/substrate contact [1]. Further to this, the influence of flow
and heat transfer on alloy mass transport in this vicinity has also been considered [2]. In these
studies the compliant step has been assumed fixed, however, it is well known that the interface
responds dynamically to the conditions around it. It is also known that for certain alloys the surface
degradation appears as surface markings, or transverse striations, and are a result of contact line
movement [3].

This study investigates the backward-facing compliant step movement by developing a method-
ology to first determine the natural frequency of such a system under isothermal conditions, but
developed in a general framework to allow for an increasingly more complex investigation includ-
ing the presence of heat transfer. Due to the common appearance of the backward-facing geometry
and moving substrate in industrial coating operations, it is expected that this model and its results
will be of general value to a wide variety of other applications. A simplified schematic of this
situation is provided in Figure 1, and provides the basis for describing the subsequent model
development and analytical benchmark. The basic features to be highlighted at this point are the
location of the compliant step at distance L downstream of a reservoir with hydrostatic head H ,
moving substrate bounding the outlet channel (top and bottom at distance 2h2) downstream of the
step, inlet (2h1) channel of length L before the step. The compliant step is shown in Figure 1(b)
with details relevant to the dynamic system model (DSM) developed for verification of the results.
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BACKWARD-FACING COMPLIANT STEP 59

Here, pressures Pb and P1 are shown outside and inside of the compliant step, respectively, control
volume (with area Acv and depth equal to one) adjacent to the compliant step, and the volumetric
flow in (V1h1) and out (V2h2) of the control volume.

To allow for many physical features of the compliant step to be investigated, a general model
has been developed utilizing finite-element/finite-volume (FE/FV) discretization. Initial research
in simulating compliant-boundary motion in the context of a FE/FV computational fluid dynamics
(CFD) solution was conducted [4, 5] using an arbitrary-Lagrangian–Eulerian (ALE) approach to
handle the mesh motion. The methodology involved a fully coupled solution, where the mesh
distribution is solved simultaneously with the compliant-boundary shape and the velocity/pressure
variables during time coefficient iterations. The method also yields a distinct interface defining the
shape of the compliant boundary; however, the surface cannot fold over on itself as in a breaking
wave. Its primary drawback is the complexity of implementation due to the simultaneous coupling
of the pressure, velocity, mesh and compliant boundary. It is also difficult to extend to three-
dimensional flow situations. The present work draws on this research for the discretization of the
interface region, but uses a segregated approach in that the compliant-boundary position is obtained
by coefficient loop iteration within a time step. At present no approach is given for incorporating the
contact condition at solid/fluid junctures in the solution, and therefore the present work contributes
to the extension of the FE/FV method in this area. Furthermore, the authors are not aware of any
research that attempts to apply the method to the backward-facing compliant step configuration,
with the goal of isolating natural frequency of the contact line. This includes the treatment of the
surface as having surface tension or membrane forces, and providing the flexibility of considering
oxide layer growth on the compliant boundary. This is a common concern for aluminium which
readily forms surface oxides. For future application of the method in-surface force models based
on a combination of surface tension and membrane forces is likely.

An important aspect in the simulation of interface movement under the action of surface tension
is the contact angle and line where liquids and a solid boundary meet. With interface motion
relative to a solid boundary a singularity at the contact line exists, which in the present case is
handled with a Navier slip treatment (the details to be discussed subsequently). Associated with
the slip treatment is a contact angle that should be determined on the basis of dynamic wetting [6].
Experiments have shown that there is a hysteresis effect around the equilibrium (static) contact
angle under dynamic conditions which makes it difficult to determine the contact angle active
at the surface. Obtaining a theoretical solution to the dynamic contact angle is currently a very
active area of research [7, 8] with no generally applicable model. Considering this uncertainty,
for the present work the ‘effective’ contact angle is chosen to be the static one. This effective
contact angle is then applied at all times along the motion of the contact line. Future studies may
well investigate this influence by incorporating a model for dynamic contact angle. An example
of incorporating a dynamic wetting boundary condition in conjunction with ALE equations and a
finite-element fluid flow solver is given in [9].

2. CONSERVATION EQUATIONS

Equations for mass and momentum conservation, applied to the entire domain, are cast in ALE
form, which allows for convenient application of mesh motion in the CFD solution. The ALE
formulation includes mesh velocities to account for mesh deflection (over a time step) in response
to any boundary motions. The relevant conservation equations expressed in Cartesian coordinates
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(x j ) are for mass

d

dt

∫
V (t)

� dV +
∫
s
�(Uj − Wj ) dn j = 0 (1)

and momentum

d

dt

∫
V (t)

�Ui dV+
∫
s
�(Uj − Wj )Ui dn j =−

∫
s
P dni+

∫
s
�

(
�Ui

�x j
+�Uj

�xi

)
dn j +

∫
s
SUi dV (2)

where Wj is the mesh velocity or the velocity of the control-volume boundary surface, and dn j
(or dni ) are the differential Cartesian components of the outward normal surface area vector.
Other variables are the fluid velocity components, Uj , fluid density, �, pressure, P , and dynamic
viscosity, �. Space integration (volume or surface) is over a control volume of volume V and time
integration is with dt .

These equations are discretized and solved iteratively for each control volume. During the
solution the space conservation law is applied rigorously in the treatment of transient volume
terms where

d

dt

∫
V
dV =

∫
s
W j dn j (3)

and relates volume changes to the control-volume surface (mesh) velocities.
The modelling of the compliant step begins with balancing the force on the surface, along with

a choice of relevant in-surface force model and application of a contact angle (with treatment of
the contact line slip) as shown in Figure 2(a). A force balance over a surface area element dAp,
with centre at P, along a compliant step involves normal and tangential components resulting from
pressure forces, P , in the surface normal direction, traction forces, f , in the tangential direction
and in-surface forces. The forces acting at the interface are in equilibrium, which can be expressed

(a) (b)

Figure 2. (a) Contact lines and angle for compliant step and (b) FE/FV discretization on a
compliant step surface and interior.
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in differential form as

(P1 − Pb) dApnp + ( f1 − fb)dAptp − T= 0 (4a)

where the in-surface force vector, T, is composed of normal and tangential components

T= �w(∇ · n)n + t(t · ∇)�w (4b)

where � is an in-surface tension (units N/m) and w the width of the surface into the 2D plane.
From Equation (4), it is clear that the normal component of �w opposes the resultant pressure
force, and that the tangential gradient of �w counters the net traction force.

Movement of a compliant step (or boundary) in time requires determining at each new time
level the equilibrium position considering any internal surface forces and neighbouring fluid forces
governed by Equations (1) and (2). Whenever the boundary is moved, all interior nodes are moved
in order to maintain the quality of the grid. The movement of these interior nodes is in accordance
with the displacement field Di , obtained by the solution of the Laplacian equation

�
�x j

(
�m

�Di

�x j

)
= 0 (5)

with Di = (xi − x0i ). The mesh stiffness, �m, is a parameter that determines how the nodal
displacements are diffused through the domain and can be varied as a function of location or
element characteristics.

The boundary conditions for Equations (1) through (3) and (5) are discussed in a subsequent
section. The FE/FV discretization and assembly into final coefficient form for solution of velocities
and pressure are described in detail in [10]. For closure of the compliant step model (Equation (4)),
a model for the in-surface tension is needed, as well as constraints for the two ends conditions on
the compliant step. The in-surface tension � can be modelled in various ways. Its implementation
as a model based on the coefficient of surface tension or a flexible elastic membrane will be
discussed in the next section. As for the constraints at the two ends of the complaint surface, it is
possible to treat them as stationary or as moving contact lines with application of a contact angle
as shown in Figure 2(a). In line with the purpose of this paper discretization details are given for
the compliant step interface.

3. MODEL OF BACKWARD FACING COMPLIANT STEP

3.1. FE/FV discretization

Figure 2 shows a typical mesh, composed of quadrilateral elements adjacent to a backward-
facing compliant step. The element vertices provide the location for finite-volume nodes as shown
Figure 2(b). Any internal node Q is composed of element quadrants from surrounding elements
as illustrated by the crosshatched area in Figure 2(b). This description of a finite volume can also
be applied to nodes on the wall or as well along the compliant step at node P but with reduced
quadrant contributions from surrounding elements. A finite volume forms the basis for discrete
conservation equations obtained by integrating over a control volume with surface fluxes evaluated
using conditions located at integration points as shown in Figure 2(b). This describes in principle
the mesh structure behind the FE/FV discretization process. However, obtaining a solution for the
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Figure 3. Surface stresses and in-surface tensions used in force balance on compliant dis-
crete interface. An arc of radius r (not shown) passes through nodes N,P and S defining

segment n–P–s of the compliant step.

control-volume values must be obtained in conjunction with a model for the surface forces in the
compliant step and its motion.

3.2. Compliant step

3.2.1. Surface forces. The corresponding surface stresses and in-surface tensions are shown in
Figure 3. The force balance when applied to node P, over a discrete area Ap, and using piecewise-
linear segments, Equation (4a) results in a vector equation of the form

(P1 − Pb)Apnp + ( f1 − fb)Aptp − Tsts + Tntn = 0 (6)

The normal pressures, traction stresses and in-surface forces are all directed according to unit
vectors calculated on the following basis:

np =
(

− yN−yS
�sns

i,
xN−xS
�sns

j
)

normal to node P; pointing outward from the fluid (P1 to Pb)

tp =
(
xN − xS

�sns
i,
yN − yS

�sns
j
)

tangent to node P; pointing from S to N

ts =
(
xP − xS

�ss
i,
yP − yS

�ss
j
)

tangent to surface segment P–S; pointing from S to P

tn =
(
xN − xP

�sn
i,
yN − yP

�sn
j
)

tangent to surface segment P–N; pointing from P to N

where references to upper case S,P and N and lower case s, n indicate locations as shown in
Figure 3. The coordinates x, y are located on the basis of their subscripts at locations depicted in
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Figure 3. Additional geometric quantities are Ap defined as

Ap = (�ss + �sn)

2
w

and the linear distances as

�sn =
√

(xN − xP)2 + (yN − yP)2

�ss =
√

(xP − xS)2 + (yP − yS)2

�sns =
√

(xN − xS)2 + (yN − yS)2

Equation (6) is assembled for all the nodes along the compliant step. Pressure and traction infor-
mation is obtained from the flow solution by solving at the control-volume locations in Figure 2.
In order to solve for the x, y locations of the compliant step nodes, models are needed for the
in-surface forces which are described next.

3.2.2. In-surface forces. The compliant step can be modelled with in-surface forces determined on
the basis of a coefficient of surface tension or as a flexible elastic membrane. In our present study,
when the in-surface force, �w, in Equation (4) is represented with a coefficient of surface tension,
along with an assumption of isothermal flow, the tangential component of T in Equation (4b)
becomes zero. Correspondingly the traction forces must be zero, and the remaining applied pressure
forces are in equilibrium with the normal in-surface force component. However when the compliant
step is modelled as elastic, where �w changes depending on the degree of localized ‘stretching’
of the interface, tangential in-surface force variations are also present along with surface traction
forces. The state of T should be kept in mind when considering the two models that follow.

For an isothermal flow the in-surface tension, �, can be equated to the coefficient of surface
tension, �, so that

�= � (7a)

A surface modelled with Equation (7a) will also be referred to as a meniscus in this paper. An
alternative model for � is to treat the surface as a flexible elastic membrane. This membrane resists
deflection from an equilibrium (un-stressed) length, �s0, and has a membrane (or spring) constant,
which is analogous to Young’s modulus, shown here as K . The in-surface force is then

� = K (�s − �s0) (7b)

where �s is the new segment length calculated as a function of the nodal positions on the surface.
A surface modelled with Equation (7b) will be referred to as a membrane.

3.2.3. Contact line model. Two geometric constraints are required for the compliant step, and in
the case of a liquid/air surface tension controlled interface are to be given as contact lines as
indicated in Figure 2(a). The nose-tip contact line is assumed to be stationary and at the leading
edge of the compliant step as shown. For this condition to be stable requires the cut-back angle
(angle � as described in Appendix A) to be greater than the static contact angle for all positions
of the meniscus. The substrate contact line, however can have motion, at a specified contact angle,
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along the substrate but not normal to it. This motion is possible because of a Navier slip treatment
of the singularity located there.

The singularity at the contact line leads to an infinite force tangential to the solid boundary
which must be relieved by applying a slip model. A common approach is the Navier slip condition
[11]. In this treatment a model is applied to relate the slip proportionally to the fluid stress at the
wall. In the present model this is achieved implicitly by solving control volumes (for mass and
momentum) centred at the contact line as shown in Figure 2(b). Assembly of the discrete control-
volume momentum equation incorporates the wall fluid shear stress, along with contributions from
neighbouring nodes. The iterative solution of the equations (described more completely in the next
section), which includes forces applied in and along the compliant step, yields a volume averaged
velocity and pressure located at the contact line node. The contact line velocity (which is also
obtained as part of the iterative solution) and substrate speed (which is a fixed boundary condition)
bound this nodal velocity. The contact line velocity, including its position, are therefore obtained
proportional to the fluid wall shear stress, with the proportionality determined on the basis of
conservation principles around the contact line.

It should be mentioned here that the treatment of the slip condition is open to various options,
and some studies recently have indicated that the form of the model does not have much influence
on the shape of the interface away from the singularity [8, 12]. In the present case grid refinement
studies indicated no troubles in convergence as the mesh sizing, approaching the singularity, was
decreased.

While applying a Navier slip treatment at the contact line node, an ‘effective’ contact angle
is maintained equal to a non-wetting static contact angle, �, as illustrated in Figure 2(a). Two
assumptions are made for applying the static contact angle, namely; (a) the substrate contact line
is to stay in contact with the surface and therefore y1 in Figure 2(a) is constant and known; and
(b) the static contact angle � is specified and preserved at all times (no variation of dynamic
contact angle). Therefore, for the constraint at the substrate, the term including �s , representing the
influence of the in-surface force from the boundary node (i.e. substrate contact line), in Equation (6)
is replaced with

�sw · ts = � w ·
(

− cos�
xP − xS

�Ss
+ sin�

yP − yS
�Ss

)
(8)

Note that for this boundary node, node P and S are node 2 and 1, respectively. The negative sign
in the cosine term accounts for the directional effect and w is taken as 1.

The position of the node adjacent to the substrate contact line (x2, y2), along with the static
contact angle �, gives the relation (see Figure 2(a)):

tan�=− y2 − y1
x2 − x1

(9)

where (x1 , y1) is the position of the substrate contact line with y1 known (assumption (a) previously
stated) and x1 unknown. With the solution for (x2, y2) (obtained by solving Equation (6) in a
manner as described in the next section) then x1 can be back calculated and gives the contact
position, xc, reported in subsequent results.
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4. SOLUTION METHODOLOGY

4.1. Solution of compliant step equations

The previous section describes the discretization of the compliant step including boundary con-
ditions. From this a coupled set of force balance equations (in x and y) can be assembled at
each node. The nodal equations are obtained by expanding the unit vectors in Equation (6) and
considering only the compliant step motion in the x and y directions, we arrive at∑

Fx = 0

−ayN + ayS + (b + d)xN − (b + c)xS + (c − d)xP = 0 (10)

∑
Fy = 0

axN − axS + (b + d)yN − (b + c)yS + (c − d)yP = 0 (11)

with coefficients (where w = 1) defined as

a = +
[
(P1 − Pb) · �ss + �sn

2 · �sN S

]

b =
[
( f1 − fb) · �ss + �sn

2 · �sN S

]

c = − �s
�ss

d = �n
�sn

The force balance equations assembled for each node can be written in correction form by substi-
tuting

xQ = x0Q + x ′
Q

yQ = y0Q + y′
Q

(12)

into Equations (10) and (11), respectively, and collecting the terms, where Q = N , S or P . Note
that in Equation (12) x0Q and y0Q represents the latest known interface positions, while x ′

Q and
y′
Q become the unknowns and are the corrections required to obtain the exact solution. The resulting

matrix represents a coupled system since each nodal force equation depends on the solution of x ′
and y′. We then have

[A]{X ′} = {B} (13)

where A is the matrix of all related coefficients, X ′ is the vector solution for correction val-
ues {x ′

1, y
′
1, x

′
2, y

′
2, . . . , x

′
n, y

′
n} and B is the vector of known variables and boundary condition

information.
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Figure 4. Dimensions and boundary treatments for the backward-facing compliant step model. Note for
the CFD solution the reservoir influence is embedded in the total pressure inlet condition, assuming no
upstream losses and that the reservoir is far removed (allowing a symmetry condition to be employed).

The resulting system of equations is highly non-linear. In the present case a direct matrix solution
is used with iterative refinement, by repeated application of Equation (12), which when converged
(the sum of vector X ′ is driven to a small number) gives the new boundary position. The new x
and y boundary coordinates are obtained at node locations which are a function of pressure and
velocity when two-way coupling is active.

4.2. Coupled CFD and compliant step solution

4.2.1. Model geometry and boundary conditions. The geometry of the CFD model is shown in
Figure 4, via the shaded zone, and resembles the geometry of a typical backward-facing step except
for the inclusion of the compliant step as indicated. All dimensions shown are scaled in terms of
the height of the compliant boundary, here given with dimension h (= h2 − h1). For these tests a
structured grid is used, although not required for the CFD solver, with noticeable refinement near
the wall and across the compliant surface as seen in the upper right corner of Figure 4 (in this
inset N refers to the number of nodes applied along the compliant step).

A total pressure and mass flow specified boundary conditions are applied to inlet and outlet,
respectively. A stationary no-slip wall condition is applied along the inlet channel (refer also
to Figure 1(a)) while the substrate, along the exit channel, uses a no-slip condition with a wall
moving at a specified speed. Along the compliant step a free-slip wall is applied with a surface
tension coefficient in-surface model (since isothermal conditions prevail) or a no-slip wall with
a membrane. The position of the compliant step along this boundary is calculated based on the
models previously described. The remaining surfaces are defined as planes of symmetry.

4.2.2. CFD solution methodology. The compliant step model is implemented such that the shape
of the meniscus is solved at the beginning of each coefficient loop within a transient CFD solution.
A number of coefficient loops are solved within a time step to resolve all non-linearities in the
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Figure 5. Typical response of the contact line location, xc, in transient simulation with oscillating hydrostatic
head H. Inset shows contact line convergence behaviour within time-step coefficient loop iterations.

coefficients for both the fluid flow equations and the compliant step. The compliant step model
solves the force balance equations (Equations (10) through (13)) using surface pressures (and
traction stresses for a membrane) available at the end of the previous coefficient loop and returns
the x, y positions defining the new boundary. The boundary of the mesh is moved accordingly,
with this movement diffused into the remaining mesh by solving a mesh displacement equation
(Equation (5)). The new mesh coordinates and associated mesh velocities, Wj , are used for the
subsequent solution of the momentum (Uj ) and mass (P) equations. The resulting effect is a very
strong coupling between the flow field and the compliant step. Several coefficient loop iterations are
usually required within a time step to resolve this non-linearity. This iteration process is highlighted
in Figure 5 by monitoring the location of the contact line, xc, after each coefficient loop solution
for a flow with oscillating total pressure inlet conditions. As can be seen in the inset, convergence
within a time step of the contact line location was generally achieved within 10 coefficient loops
or less.

The compliant step solution was implemented into a general purpose commercial CFD solver
ANSYS-CFX, which is based on a FE/FV discretization of the conservation equations as described
earlier. While spatial discretization is second-order accurate, the transient uses a first-order back-
ward Euler scheme in this work. The solution of the fluid flow system of equations is accelerated
through the use of a linear multigrid solver [13] and a coupled solution of the momentum and
mass equations [14]. Specific details on the convergence criteria for the compliant step model, the
mesh motion and conservation equations (for the CFD model) are as follows:

(a) Force balance equation (Equation (6)): The sum of the corrections X ′ after each direct
solution of Equation (13) is normalized against the height of the nose-tip, h. These normalized
residuals are required to be reduced to below 1× 10−5 during the iterative solution.

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 55:57–80
DOI: 10.1002/fld



68 A. G. GERBER, A. G. L. HOLLOWAY AND C. NG

(b) Mesh motion: As the boundary is moved the mesh motion equation (Equation (5)) is solved
to ensure high quality elements are maintained in the vicinity of the compliant step. An
RMS residual convergence criteria for this equation is set at 1× 10−7. The tight convergence
ensures that all boundary motions have been sufficiently diffused into the interior mesh.

(c) Conservation equations: The conservation equations for mass and momentum (Equations
(1) and (2)), when coupled with the compliant step model, are solved to RMS residuals
below 1× 10−4 during coefficient loop iterations within each time step.

5. VERIFICATION OF CFD MODEL

5.1. Analytical benchmarks—dynamic system model (DSM)

The present problem can be represented as a simplified fluid system composed of a reservoir and
two flow channels with an intervening compliant step, as illustrated in Figure 1 and described in
the Introduction. The reservoir is open to atmosphere and has a liquid-level at z0 = H . It is desired
to determine the natural frequency response of the compliant step when treated as an air/liquid
interface with a constant coefficient of surface tension (isothermal conditions), and stimulated by
variation in the liquid level H . We first accomplish this by developing a DSM for the problem
assuming one-dimensional flow, and afterwards compare the results to solutions obtained by the
CFD model for this simplified case.

The oscillating behaviour of the compliant step may be described by the unsteady form of
Bernoulli’s equation applied along a streamline (from point 0 to 1) in the form

P0
�g

+ U 2
0

2
+ z0 = P1

�g
+ U 2

1

2g
+ z1 + L

g

dU1

dt
+ K

U 2
1

2g
(14)

where near the compliant step P1 is the average local pressure and U1 is the average velocity with
both varying in time. In addition P0 is the fixed atmospheric pressure above the reservoir, and K
is a friction factor accounting for losses along the flow path. The hydostatic head H (= z0 − z1),
is allowed to change with time and g is the gravitational constant.

Dividing Equation (14) through by L/g and taking the time derivative of each term results in
a second-order differential equation describing the fundamentals of a dynamic system

d2U1

dt2
= g

L

dH

dt
− 1

�L

dP1
dt

− (K + 1)

L
V1 · dU1

dt
(15)

In order to relate the velocity and pressure, and render the equation solvable, we look at a control
volume that encompasses a region just past the nose-tip, as shown in Figure 1(b). This control
volume encompasses a region of fluid at half the height of the flow channel and, most importantly,
adjoining the compliant step. The control volume will deform as the shape of the meniscus changes.
Within this control volume, it is assumed that the pressure remains spatially uniform but varies
with time.

For a deformable control volume with incompressible flow, the conservation of mass can be
written, in terms of volumetric flow rate per unit depth, as

d

dt
(Acv) =U1h1 − q (16)
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where Acv is the area of the control volume, U1h1 and q are the instantaneous flow rates entering
and leaving the control volume, respectively. Furthermore, q is the desired output flow rate in a
controlled coating process and is assumed to be constant.

Next, assuming the compliant step is treated as a meniscus the pressure across the interface is
defined as

P1 − Pb = �� (17)

where Pb is the pressure of the air gap behind the meniscus and is assumed to be constant. In
addition � is the curvature of the meniscus equal to r−1. Applying the chain rule, we can relate
the time variation of pressure, dP1/dt , to the mass balance for the control volume (Equation (16))
and the curvature of the meniscus (by taking derivative of Equation (17), with respect to �), so
that

dP1
dt

= dP1
d�

· d�

dAcv
· dAcv

dt

where the resulting equation after substitution is

dP1
dt

= d�

dAcv
· (U1h1 − q) · � (18)

and where d�/dAcv is the curvature versus area relationship of the meniscus and is a function of
the geometry and contact angle.

By substituting Equation (18) into Equation (15) one obtains

d2U1

dt2
+ (K + 1)

L
U1 · dU1

dt
+ h1�

�L
· d�

dAcv
·U1 = g

L

dH

dt
+ q�

�L
· d�

dAcv
(19)

Using prime notation and coefficients, Equation (19) is rewritten and expressed as

y′′ + C1y · y′ + C2y = f (t)

The resulting differential equation represents a second-order system with non-linear damping
coefficient of C1y, a spring constant of C2 and a forcing function of f (t). This non-linear system is
of single degree-of-freedom since solving y and its time derivatives will reveal sufficient information
to understand the basic characteristics of the system.

5.2. Meniscus frequency and damping

Rather than solving this non-linear differential equation, Equation (19) will be linearized by
rewriting the dependent variables in terms of its equilibrium values plus a deviation. Hence,
Equation (19) becomes

d2�U1

dt2
+ (K + 1)

L
(U1eq + �U1) · d�U1

dt
+ h1�

�L
· d�
dA

· (U1eq + �U1) = g

L

d�H

dt
+ q�

�L
· d�
dA

(20)

For the equilibrium conditions, dU1/dt = 0, dH/dt = 0 and Equation (16) reduces to

U1eq = q

h1
(21)
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The resulting equilibrium average velocity can be substituted into the unsteady Bernoulli’s equation
(Equation (14)) yielding an equilibrium pressure P1eq, which then is substituted into Equation (17)
to get the curvature �eq, so that finally

P1eq − P0 = �gHeq − (K + 1)
�U 2

1eq

2
(22)

�eq = 1

�

[
�gHeq − (K + 1)

�U 2
1eq

2
+ P0 − Pb

]
(23)

These equilibrium values can be applied to the geometry constructed in Figure 1(b) in evaluating
the equilibrium area and, subsequently, giving the static stiffness d�/dA, of the fluid system near
equilibrium conditions, i.e. (d�/dA)eq. Details on how d�/dA is calculated is given in Appendix A.

All the equilibrium values (U1eq, P1eq and (d�/dA)eq) derived thus far are used in the lineariza-
tion. Under a small amplitude oscillation assumption, �U1 d�U1 is assumed to be much smaller
than �U1 (in Equation (20)) and is negligible. The resulting linearized equation is

d2�U1

dt2
+ (K + 1)

L

(
q

h1

)
· d�U1

dt
+
(
h1�

�L
· d�

dA

∣∣∣∣
eq

)
· �U1 = g

L

d�H

dt
(24)

or in terms of prime notation and coefficients as

y′′ + C1

(
q

h1

)
· y′ + C2y = f (t)

Such a linearized system would have an undamped natural frequency of

fn = 1

2	

√
C2 = 1

2	

√
h1�

�L
· d�

dA

∣∣∣∣
eq

(25)

And a damping ratio of


= C1(q/h1)

2
√
C2

= q(Keq + 1)

2h1L

√
h1�

�L
· d�

dA

∣∣∣∣
eq

(26)

These two parameters are important in characterizing a dynamic system. More emphasis will
be given to the undamped natural frequency when verifying the CFD model in the subsequent
section. The one-dimensional analysis provides no information on the friction factor Keq which
for the purpose of the present work is not required. It is clear that a key parameter in evaluating the
frequency and damping parameters is the curvature to area derivative present in both Equations (25)
and (26). An accurate determination of this is given in Appendix A.

6. RESULTS AND DISCUSSION

A common method used by engineers to determine the characteristics of a system is the step input
test. The response of a step input can be used to determine the undamped natural frequency and
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Table I. Parameters used in CFD simulations in comparison with DSM predictions.

Parameter Symbol Unit Water Aluminium

Fluid parameters
Density � kg/m3 997 2370
Coefficient of surface tension � N/m 71.7× 10−3 850× 10−3

Dynamic viscosity � N s 8.899× 10−4 2.37× 10−3

Contact angle � deg. 140 140

Geometric parameters
Upstream channel h1 m 0.004 0.004
Downstream channel h2 m 0.005 0.005
Step height h m 0.001 0.001
Channel length (upstream) L m 0.02 0.02

Process parameters
Head H mm 7.5 37.3
Flow rate per unit width q m2/s 0.48× 10−3 1.05× 10−3

Substrate speed Us m/s 0.1 0.1

Dimensionless parameters
Head �=�ghH/� 1.02 1.02
Reynold number Re=�q/� 536 1055
Weber number We= h�/q2� 3.2× 10−1 3.1× 10−1

Frequency �= fn�1/2h3/2/�1/2 8.81 8.82

Note: Properties for water taken at 300 K and those for aluminium at a temperature that matches kinematic
viscosity (=�/�) between water and aluminium.

damping ratio of a system. As a test to the CFD model a step input is applied by increasing the
total pressure at the inlet boundary (equivalent to a step increase in the reservoir head) from a
previously converged solution using a rigid compliant step. The transient motion of the meniscus
is captured by observing the location of the substrate contact line, xc. For these compliant step
simulations, conducted for water and aluminium, the geometric and fluid parameters are given in
Table I.

The geometric and fluid parameters were chosen in order to meet certain similarity constraints
between the water and aluminium system. Based on a previous study of an experimental water
model of the backward-facing compliant step configuration [15], dimensional analysis suggests
that the key dimensionless parameters for a horizontal arrangement are � = f (Re,We, �, �), with
each parameter defined in Table I. Initial water studies suggested that the Re dependence is small,
and this is tested in the present case by simulating conditions at different Reynolds numbers and
monitoring �. As shown in Table I, for two different Reynolds numbers � remains nearly the
same when We, �,� remain fixed, supporting the initial observation of a weak Reynolds number
dependence. Using the same fluid parameters the model was then subsequently compared to
the DSM model results with an emphasis on natural frequency predictions, given in terms of a
dimensionless frequency �, and its dependence on �.

Comparison to the DSM model begins with Figure 6 showing the response of xc for a water and
aluminium meniscus both with a contact angle of 140◦ (it is assumed that a surface treatment to
the substrate can be applied for water to give a contact angle similar to aluminium). Both results
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Figure 6. Contact line response with step input applied to water and aluminium meniscus (con-
ditions as given in Table I). Contact line location normalized by the final equilibrium position

xc/h = 0.376 obtained after step input.

Figure 7. Comparison of predictions of dimensionless oscillation frequency between CFD and DSM with
both results normalized by the oscillation frequency of water obtained at � = 1.02. Conditions for the
simulations are as outlined in Table I with We= 3.1× 10−1 and � = 140◦ (results independent of Re).

can be identified as a typical response of a second-order system. The rapid decay observed in
the aluminium contact location is a result of a higher damping ratio when compared to the water
meniscus. Postprocessing yields an undamped natural frequency ( fn) of 29.7 Hz for water and
66.2 Hz for aluminium, and damping ratios 0.09 for water and 0.21 for aluminium. Only natural
frequency can be compared to the analytical DSM result given by Equation (25), which gives the
corresponding values of 31.9 and 71.2 Hz. The results of this comparison are very promising, in
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Figure 8. Meniscus compliant step response, with local velocity field, following step input for:
(a) stationary substrate; and (b) moving substrate at a speed of 0.1m/s. Results obtained with

conditions as outlined in Table I.

particular comparing the CFD predicted ratio of water to aluminium natural frequencies to that
obtained by the analytical benchmark give the same value of 2.23.

The above step input test was expanded to include a range of CFD simulations with different
non-dimensional head � (definition given in Table I) ranging from 0.3 to 1.4. The predicted
dimensionless (natural) frequency �al was normalized against the peak water value �∗

h2o also
obtained by CFD, and compared in Figure 7 to the benchmark DSM results using Equation (25).
This comparison is again very good, with the CFD and DSM predictions showing the same peak
dimensionless natural frequency very close to � = 1.

Since Equation (25) suggests a natural frequency that is not dependent on substrate speed Us,
this was tested in the CFD model by varying the substrate speed while maintaining conditions given
in Table I. Solutions were thus obtained at speeds 0.0, 0.1, 0.5, 1.0 and 1.5 m/s, and all indicated
only a minor influence (differences less than 2% relative to 66.2 Hz obtained with conditions in
Table I) on the predicted natural frequency lending support to the form of Equation (25). While
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Figure 8. (Continued).

Us does not appear to play a significant role on the natural frequency of the backward-facing
compliant-step configuration, the flow patterns in the vicinity of the step are considerably affected
as shown in Figure 8 for one period of compliant step motion. In Figure 8(a) the vector flow field
is given with a stationary substrate, while in Figure 8(b) the solution is obtained with a substrate
moving at 0.1 m/s. In both cases at t = 4 ms the contact line is receding into the step at a near
peak speed, while at t = 8ms the contact line approaches its final (receded) position and a velocity
approaching zero. The line then moves forward with a peak speed close to t = 12 ms and a final
forward stationary position at 16 ms. In both cases the recirculation zone appears to be nearly
completely suppressed when the contact position is at its peak receding speed. The recirculation
is also largest for the two cases when the line is at its peak forward velocity. The recirculation
zone is reduced for situations where the substrate is in motion. The size of recirculation zone
depends on the combination of flow rate, q , and substrate speed applied. In non-isothermal flow
situations, particularly with strong cooling fluxes as occurring in metal processing, the modified
recirculation pattern would likely influence the natural frequency of the compliant step due to
temperature-dependent property variations.
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Figure 9. Effects of grid refinement on undamped natural frequency obtained with conditions as
outlined in Table I (for aluminium).

Figure 10. Natural frequency response for a compliant step membrane with different membrane constants.
Results obtained with conditions as outlined in Table I for aluminium except for the use of Equation (7)
for the interfacial tension model. Note that the total unstretched membrane length (�s0) is equal to h/2.

To test the sensitivity of these predictions to mesh density a grid refinement study was performed
where the number of nodes defining the compliant step was increased from 10 to 40 in increments
of 10. The effect of this grid refinement is shown in Figure 9 where a grid-independent solution
occurs approximately at 40 nodes. The variation in predicted frequency over this range of node
refinement is less than 3%.

Simulations were also conducted with the compliant step modelled as a membrane. Similar to
the previous calculations, step input tests were conducted to obtain the natural frequency. Results
obtained with aluminium as the working fluid and a range of membrane constants is shown in
Figure 10 for a fixed head (conditions given in Table I). The results show an asymptotic limit of
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natural frequency at slightly over 85 Hz with increasing membrane constant K . This result does
not follow closely the traditional K 1/2 behaviour of a spring–mass system since in our system the
mass (= d�/dA ·1/�) depends also on the membrane constant. In particular, as the stiffness of the
system increases (by increasing K ) the curvature of the membrane decreases (increasing radius r )
which leads to (d�/dA)eq becoming very small (by analogy see Figure A2 where the inverse of
d�/dA is plotted for an interface based on a coefficient of surface tension). Viewing Equation (25)
it is apparent that this would act to counter increases in the stiffness of the system modifying the
asymptotic behaviour in natural frequency. In Equation (25) the stiffness is given by �h1/L while
for a membrane it would be K�s0h1/L assuming membrane deflections are in the order of �s0 (an
assumption reasonable for the results shown in Figure 10). The results in Figure 10 were obtained
with the membrane free to move at the substrate at a fixed angle of 140◦ (similar definition as the
contact angle). It is clear that with a membrane there may be other boundary models that could
be developed, depending on the application, and that these could have a significant influence on
the motion of the interface.

7. CONCLUSIONS

An approach has been developed for examining the compliant step response in a backward-facing
boundary configuration, which represents closely the situation found in many continuous-casting
processes where metal is delivered to a moving substrate. In these processes it is not clear what
forces are active in the surface, i.e. surface tension forces or membrane-type forces, and therefore
the present method has been developed to be flexible in examining both scenarios. The model
developed here has been shown to reproduce the natural frequency behaviour for a simple dynamic
system of flow in a channel with a flexible transition element using surface tension. The frequency
response over a range of heads is well predicted, as well as the natural frequency response between
water and aluminium scales in the expected manner. A grid sensitivity study indicates that the
solution for these conditions approaches grid independence in the vicinity of 40 surface nodes.
The model has also been shown to be extendable to the case of a membrane compliant step, where
the substrate contact line must then be modelled with something other than a contact angle. The
model chosen would be specific to the application being considered. The basis of the model is a
finite-volume formulation of the fluid flow equations which are flexible for incorporating what will
be the next investigation, and that is the influence of heat transfer on the compliant step response.
Considering these more complex situations, for example with heat transfer present, and surface
tension a strong function of temperature, the modified flow patterns may lead to changes in the
natural frequency response. Furthermore, it will be possible to consider a combination of surface
tension and membrane forces active at the surface, a situation applicable to metal oxides partially
formed on the compliant step. This scenario is of interest in aluminium strip casting where oxides
readily form over a free surface at elevated temperatures. The influence of a dynamic contact angle
could also be investigated using some of the more recent models available in the literature.

APPENDIX A: MENISCUS GEOMETRY UNDER HYDROSTATIC CONDITIONS

The rate of change of the compliant step curvature to its area, defined as shown in Figure A1 with
A= A1 + A2, can be obtained numerically on the basis of an analytical solution of the interface
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Figure A1. Nomenclature and area definition for a meniscus profile of fixed radius between point P and
C used in verification of CFD solution.

position. Such a solution is possible under certain constraints such as fixed pressures before and
behind the meniscus (implying a constant radius), and fixed contact angle as shown in Figure A1.
On this basis an arc through the meniscus can be defined

(x − x0)
2 + (y − y0)

2 = r2 (A1)

with the slope at any location on this arc equal to

2(x − x0) + 2(y − y0)
dy

dx
= 0

or simply

dy

dx
=− (x − x0)

(y − y0)
(A2)

At the substrate contact line the slope can be related to the tangent of the non-wetting contact
angle, �, such that

dy

dx

∣∣∣∣
c

= − (xc − x0)

(yc − y0)
= − tan� (A3)

Considering specifically the backward-facing compliant step geometry, the unknowns in determin-
ing the position of the interface are xc and the arc centre x0, y0. Other positions xp, yp and yc are
known. This allows for three equations with three unknowns

1: (xc − x0)
2 + (yc − y0)

2 = r2

2: (xp − x0)
2 + (yp − y0)

2 = r2

3: tan�= (xc − x0)

(yc − y0)
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Figure A2. Meniscus area (A) versus curvature (�) and associated derivative.

Assuming the interface to always be concave in shape, and the contact angle directed as shown in
Figure A1, the solution with appropriate signs becomes

y0 = yp + r√
1 + (tan�)2

(A4)

x0 = xp +
(√

r2 − (yp − y0)2
)

(A5)

xc = x0 − r√
1 + (tan�)−2

(A6)

The angle formed by the lines joining the centre of the arc and the contact lines is defined as 2,
in which

sin =
√

(yc − yp)2 + (xc − xp)2

2 · r (A7)

This enables the areas A1 and A2 to be computed as follows:

A1 = 1
2 (yp − yco)(xco − xc), A2 = r2( − sin · cos) (A8)

Choosing a pressure difference over the meniscus allows the radius to be computed (using Equation
(17)), which then can be used with Equations (A4)–(A6) to obtain the arc centre and contact line
location for the meniscus. This then allows the area of the meniscus region, A, to be calculated with
Equations (A7) and (A8). A curve of A(�) can then be generated and numerically differentiated to
obtain dA/d� needed in Equations (25) and (26). In Figure A2 the curve A(�) and its derivative are
shown. The location for evaluating (dA/d�)eq in Figure A2 is at �eq obtained from Equation (23).

It should be noted that there is a limit to the pressure that can be applied on the inside of the
meniscus. When exceeded, the angle � indicated in Figure A1 will attain the contact angle � on
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(a)

(b)

Predicted meniscus shape with increasing head
(θ = 140°, aluminum mensicus)

Effect of static contact angles on meniscus shape

(H = 25.8 mm, aluminum meniscus )

Figure A3. Compliant step static shape and contact line position as a function of: (a) head and (b) contact
angle. Note that the inner contact angle � is related to � via the relation � = 180 − �.

the underside of the tip, a situation which forces the meniscus to recede underneath. This situation
has not been considered, and is generally avoided by careful control of the pressure (although this
control is complicated by the uncertainty of the contact angle under dynamic conditions). Figure A3
shows how the compliant interface, calculated based on the hydrostatic model above (Equations
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(A4)–(A6)) for computing the contact line location, will respond under different pressures and
varying contact angles.
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